The discrete prolate spheroidal sequences (DPSSs)a set of optimally bandlimited sequences with unique propertiesare important to applications in both science and engineering. In this work, properties of nonlinear system response due to DPSS excitation are reported. In particular, the sequences are shown to be approximately orthogonal after passing through a nonlinear, multiple-input multiple-output dynamical system under quite general conditions. This work quantifies these conditions in terms of constraints upon the higher-order generalized transfer functions characterizing the Volterra expansion of a MIMO system, the Volterra order of the system, and the DPSS bandwidth parameter W and time-bandwidth parameter NW. The approximate system output orthogonality allows multiple-input, multiple-output characterization of the linear narrowband response of a nonlinear system using simultaneous, DPSS excitation.
Technical Notes and Correspondence

I. INTRODUCTION
The characterization and identification of dynamical systems is an important aspect of science and engineering [1] , [2] . In the most general sense, identification pertains to obtaining an accurate model of the internal dynamics of a system, based on the observation of inputs and outputs. This work, within the broad spectrum of identification problems, treats a particular problem pertaining to the use of narrowband inputs to characterize the input-output relationships of a nonlinear system. In particular, situations exist where the question is simply, "If a narrowband stimulus is applied as input, is there a narrowband response?" [3] .
Such a question is related to the notion of structural identification [4] , [5] , which concerns characterizing signal propagation, mediated by direct or indirect connections, between a system's inputs and outputs [6] . Structural identification requires an appropriate input excitation, or test signal, that enables structural inferences from output observation [7] - [9] . In this context, the goal of this technical note is to study the discrete prolate spheroidal sequences (DPSS) as a candidate signal for the purpose of identifying narrowband input-output connections. Specifically, a theoretical characterization of the response of a Volterra MIMO system to DPSS input is provided. This characterization enables a strategy based upon multiple, simultaneous stimulation. The specific contributions are: 1) The discovery that each of the DPSSs, once passed through a nonlinear Volterra MIMO system, can be approximated by a quadratic generalized frequency response Volterra system representation [10] in the frequency domain, and by a linearly-transformed version of the input in the time domain.
2) The verification that the DPSSs, passed through a nonlinear Volterra MIMO system, remain approximately orthogonal.
3) The conditions under which Contributions 1 and 2 are valid, along with a quantification of approximation error. 4) An inner product-based scheme exploiting Contributions 1-3 to estimate the linear narrowband connectivity of a nonlinear Volterra MIMO system. Contribution 4 makes use of an inner-product detector to separate the relative influence upon the system output due to multiple simultaneous narrowband MIMO system inputs. This facilitates simultaneous network stimulation and connectivity inference.
The design of narrowband excitation has received considerable attention: [3] , [8] , [9] , [11] , [12] - [14] . In [3] , [9] , [11] , [14] full system identification is addressed. In this work, motivated by the estimation of linear narrowband response, emphasis is placed upon characterizing Volterra MIMO response to DPSS input. In [8] , [12] , [13] models are considered where the higher-order nonlinear system response is small and additive. This differs from the proposed work in that (i) sinusoidal input with random phases are used as opposed to the optimal in-band energy concentrated DPSSs and (ii) the nonlinear system response in the proposed work is suppressed by the use of DPSS as input.
By characterizing the Volterra MIMO response to DPSS input, progress is made towards developing improved methods of characterizing linear narrowband MIMO Volterra response. To the best of our knowledge this is the first characterization of the response of a MIMO Volterra system to DPSS input, and the first use of the DPSSs for the purpose of characterizating the linear, narrowband response of a nonlinear MIMO Volterra system.
The remainder of this technical note is organized as follows. Following a review of relevant properties of the DPSS in II-A, and nonlinear MIMO dynamical systems in II-B, the main results of the technical note are presented in III-A & III-B. The technical note ends with conclusions in Section IV. Table I 
II. BACKGROUND & PRELIMINARIES
For convenience
A. Discrete Prolate Spheroidal Sequences (DPSSs)
The zeroth-order discrete prolate spheroidal sequence (DPSS), or Slepian sequence [15] , v (0) t , is the infinite, real-valued sequence that is index-limited to [0, N − 1] and possesses the maximum fractional in-band energy concentration of all such sequences [15] 
where V N denotes the space of all infinite, real-valued sequences indexlimited to [0, N − 1], W < 1 2 denotes the half-bandwidth (where, without loss of generality, a sampling period of 1 is assumed) and V (f ) is the discrete Fourier transform of an element of V N . The higher-order DPSSs are the maximally in-band energy concentrated sequences that are mutually orthogonal and are orthogonal to v (0) t . 2 The k th order DPSS, v (k ) t , satisfies eigenvalue/eigenvector equations in both the time and frequency domains [16] - [18] . The discrete Fourier transform of the k th order DPSS is V k (f ), the k th order discrete prolate spheroidal wave function (DPSWF),
The k th order DPSWF satisfies the frequency domain eigenfunction equation
Here D N (f ) is a Dirichlet ('sinc')-type kernel,
1 Index-limited to [0, N − 1] means that any sequence element outside of the index-set {0, 1, . . . , N − 1} is zero. 2 Note, v (0) ∈ 2 (∞). By truncation, v (0) definesṽ (0) ∈ 2 (N ). By discrete Fourier transform v (0) defines the zeroth order DPSWF, V ∈ C 2 (− 1 2 , 1 2 ), and V ∈ C 2 (−W, W ) is defined by the restriction of V to (−W, W ). Each of these elements satisfy orthogonality relations with respect to the canonical inner-product associated with the Hilbert space to which they belong:
and λ k is the eigenvalue associated with the k th order DPSS. The k th eigenvalue is near one (i.e., λ k ≈ 1) for k less than approximately 2N W (twice the dimensionless time-bandwidth product). The eigenvalues, λ k , k = 1, 2, . . . monotonically decrease with increasing k and are equal to the fraction of the DPSS energy within the (−W, W ) band of frequencies [15] , [19] . That is
Thus, the in-band signal energy of v
An additional inequality used to bound the in-band inner-product of two DPSWFs is
The DPSSs are functions of two parameters: the length, N , of the signal, and the user specified half-bandwidth parameter, W . For convenience, these dependencies are implied.
B. Volterra Expansion of Nonlinear MIMO System
Let H be a nonlinear, time-invariant system formulated in discrete time with M inputs and M outputs. Assume that H admits a Volterra expansion [20] such that the m th output, y m ,t , evaluated at time-index t, can be expressed as,
Here
m ,m a , ta ∈ R, and γ (a ) m ,m a , ta < ∞, is a finite, order a volterra kernel. It relates the product of a inputs from channels m 1 to m a to the system output, y m ,t , on channel m at time-index t. When forming this product input channel m j is evaluated at time-index t j , for j = 1, . . . , a. The number of input channels M need not equal the number of output channels M . The system, H, is completely characterized by the collection of Volterra kernels γ (j ) m ,m j , t j . For convenience, in the following y (0) m is set equal to zero (see Remark 3).
In Section III-A, investigation focuses upon the nature of y m ,t when the input to the system is specified to be the DPSSs. This investigation is facilitated by the frequency domain representation of (9). In [21] , [22] and Appendix A of [23] it is shown that:
, and the Volterra kernels are specified to be causal. The discrete Fourier transform is taken over all time. Specifically:
As in the time domain, the collection of generalized frequency response functions, Γ
, completely specify the nonlinear, time-invariant MIMO system H.
III. RESULTS
A. Suppression of Higher-Order MIMO Response to DPSS Input
Under conditions to be described, the higher-order system responses to DPSS inputs are effectively suppressed. Recall the Volterra expansion of H (9) and set the k th input to v (k ) t , the k th order DPSS for k ≤ K. Here, K is chosen such that v (k ) t , k ≤ K possesses energy concentration within (−W, W ) near one. From (8) , this is equivalent to specifying that the first K DPSS eigenvalues, λ k , are as close to 1 as possible. Thus, of all DPSSs index-limited to the interval [0, N − 1] with a given time-bandwidth parameter N W , these sequences are the most energy concentrated DPSSs within the frequency interval (−W, W ). When the number of input channels M is greater than K, the remaining M − K channel inputs are set to zero. In this way, each input is specified to be a strongly in-band energy-concentrated DPSS, or is otherwise set to zero and does not contribute to the output. Decompose the Q th order Volterra kernel frequency response, T m ,Q (f ), due to this DPSS input into in-band and out-of-band components:
Here,
and
The symbol − 
where
Here V M , * and Γ (Q ) m , * are respectively, bounds on the magnitude of the DPSWF (4) and on the magnitude of the Q th order Volterra kernel frequency response (12) . These bounds are suprema over the appropriate domains:
From (16) 
It is useful to define the upper-bound, J B :
Let
By Taylor expanding (Appendix B), it can be seen that, 
Thus, (19) approximates the Q th order Volterra response to DPSS input. Contributing to (19) is the Q − 1 dimensional integral over the DPSWFs, J (W, Q, f, m Q ) specified in (20) . Because
( Fig. 1) Q ) for simulated conditions. Using (27) , the in-band Q th order Volterra system response can be 3 Here, N W = 4, N = 256 (black curve) or N = 1000 (red curve), for Q = {3, 4, 5, 6} and M = 6. Twenty five random draws (with replacement) from the sequence with elements one through six are made. The i th draw, m (Fig. 1) is made. bounded:
In the following the case δ = 0 is explicitly investigated. Combining (25) and (28),
Thus the Q th order Volterra kernel system response due to the DPSS inputs is bounded by a sum of three positive terms. The first of these terms is due to the restriction of the integrals to (−W, W ). This term is largest when the DPSWFs are poorly concentrated within (−W, W ).
In this case λ m in is small. The second term in (31) results from the Taylor expansion of the truncated integrals. The third term bounds the in-band contribution to the Q th order Volterra kernel response. Both the second and third term feature a further W dependence owing to the shifted multi-dimensional integral of the product DPSWFs (20), independent of system properties. For a fixed number of system inputs M , and a fixed λ m in ,
Since W < 1 2 , the higher-order responses are suppressed relative to the linear and quadratic responses when the Volterra system is driven with DPSS input.
B. Orthogonality of MIMO Response to DPSS Input
The system output Y m (f ) is approximated by the contributions from T m ,1 (f ) and T m ,2 (f ),
As in III-A, consider the situation where the DC response y (0) m is set to zero and the bound (27) is exact (i.e. δ = 0). As a consequence of the higher order Volterra kernel suppression demonstrated in III-A, the system output Y m (f ) can be further bounded:
m , * , Γ (j ) m , * , Γ (j ) m , * * (0, f)). (34)
In general the Volterra expansion of H may have a finite or infinite number of terms. Any Volterra expansion, however, may be represented as an infinite series by adding kernels of value zero if needed. This representation is referred to as the infinite Volterra expansion.
Definition 1: Exponential DPSS System
Let H be a nonlinear, time-invariant MIMO system equal to the Volterra expansion (9) in the limit as Q → ∞. Then the generalized frequency response functions of H define functions Γ (22) . H is an exponential DPSS system if there exist constants α, β and γ such that 
Theorem 1: Exponential DPSS System, -Quadratic Equivalence
Let H be an exponential DPSS System. Then there exists an > 0 such that H is an -quadratic system.
Proof The proof follows from direct calcuation (see [23] ).
Remark 1: Linear System Response
An -Quadratic System driven by DPSSs approximates a linear system for W 1. The system response in the time-domain due to the first-order Volterra kernel is,
Similarly,
As motivated in the introduction, in determining the existence of connections between MIMO system inputs and outputs, the focus is upon the inner-product, I m ,m , between the m channel ouput, Y m (f ), of the -Exponential DPSS system and the m -order test DPSS. Let,
Once again, split the integral into in-band and out-of-band components:
Because T m ,1 (f ) + T m ,2 (f ) approximates the output of anexponential DPSS system, we can now state the following Lemma.
Lemma 1:
The inner-product, I m ,m , can be approximated by the inner product of V m with the first and second order Volterra responses of H.
Proof: Let X m ,m be the inner-product of the first two Volterra system responses with the input V m (f ). The out-of-band component X (o ) m ,m of the inner product, X m ,m is approximated by
The second-order term is bounded in a similar fashion,
Then, the in-band contribution X (i ) m ,m to X m ,m is approximated as:
By Taylor expanding the linear transfer function Γ (1) m ,m (f ), the in-band contribution X (i,1) m ,m can be expressed as
C. Linear Narrowband Identification
The theory in Sections III-A-III-B can be applied for the purposes of identifying the existence of linear narrowband connections between inputs and outputs. Specifically, for an -quadratic MIMO, the DPSS can be applied to the input to determine the existence of a linear narrowband connection from input channel m to output channel m through the use of the inner-product (52). Because the inner product of the -quadratic MIMO system with the DPSS supplied to input m is approximately equal to the average, linear impulse response connecting m with m, the inner product determines the existence of in-band linear responses that do not average to zero (but see Remark 2) . Equation (52) determines the accuracy of this approximation in terms of the quantities listed in Table I and the number of input channels M .
Remark 2. (Generalization to Non-Zero Frequency):
The results presented in II-B and III-A generalize to frequency shifted, or modulated DPSS inputs. In II-B and III-A, instead of Taylor expanding about zero frequency, the Taylor expansions are carried out about a carrier frequency f 0 . That is, the DPSS inputs are multipled by the phase factor e i 2 π f 0 t , and the truncated frequency interval changes from (−W, W ) to (f 0 − W, f 0 + W ) (ignoring the contribution from the negative frequencies). Thus, the results of this work allow for linear narrowband response at frequency intervals differing from baseband.
While it is outside the scope of this technical note, note that these conditions are expected to approximate those required for the innerproduct detector to achieve the performance of a matched-filter when the system response is added to measurement noise prior to observation [24] .
Remark 3: In the theory discussed so far, the zeroth-order Volterra system response, is assumed equal to zero. Such a response contributes to the system DC offset. In situations where this is not guaranteed, restriction to the odd-ordered DPSS ensures that the inner-product will not respond to this offset.
IV. CONCLUSION
This technical note provides conditions under which MIMO Volterra system response to discrete prolate spheroidal sequences results in approximately orthogonal, narrowband and energy-concentrated output. These analytical properties suggest the potential utility of the DPSSs as test signals. In particular, by virtue of output orthogonality, these test signals enable the identification of (narrowband) input-output connections from simultaneous yet unconfounded excitation of multiple inputs. Potential applications may include stimulation-based brain mapping [25] , [26] , wherein the goal is to learn brain network interconnectivity under narrowband stimulation constraints [27] . 
